The well-known McKendrick equations model the dynamical behavior of age-dependent populations. These equations govern, at time t, the number of individuals of age a in a population, known as the population density, and arise from a conservation law subject to constitutive assumptions for the maternity and mortality rates. In this paper, multiple scale analysis and bifurcation theory are applied to models governed by McKendrick's equations. A weakly nonlinear analysis has been developed which describes the bifurcation to time-dependent solutions whose amplitudes are governed by a complex Landau-Stuart type equation. This analysis provides information about the population density unlike existing methods which reduce the model to a system of ordinary di erential equations, and provide information only on the total population. Moreover, the multiple scale techniques developed for the integro-partial di erential equations can be extended to more diverse models.
Introduction
In this paper we investigate the bifurcation to time-dependent solutions of population models described by the McKendrick equations. These equations govern the evolution of the age density of a population in age and time, completed by an integral birth law governing the population density at age zero. Almost all deterministic equations studied in the context of population dynamics can be obtained from the McKendrick equations, under speci c assumption on the mortality and fertility rates. Thus the study of the McKendrick equations forms a cornerstone in the eld of population dynamics. For a derivation of McKendrick's model see the seminal work of Gurtin and MacCamy 7] , which also contains a discussion of the linear stability of equilibrium age distributions.
In a sequence of works, Cushing analyzed bifurcation phenomena within the McKendrick equations, under general assumptions on the fertility and death rates 5, 4] . Related to the present work, in 4] he investigated the bifurcation of time-periodic solutions from nontrivial equilibrium age distributions and established a fundamental theorem for the existence of non-constant time-periodic solutions through a Hopf bifurcation in a constant environment. Parallel to the e orts of Cushing, Busenberg and Iannelli 1, 2, 3] investigated a class of separable age-dependent population models, in which the fertility, mortality, and interaction coe cients are assumed independent of the total population. This is in contrast to the work of Cushing, who considered models that are dependent on both the age and population density, much along the line of the work of Gurtin and MacCamy.
The analysis of Cushing in 4] is valid under the assumption that the linearization of the mortality rate leads to a separable kernel of a speci c integral term. One such form of the mortality rate which satis es this requirement assumes that this term depends not on the population density, but, rather, the total population in addition to the age of an individual. The previous work of Gurtin and MacCamy 8] also assumes this form. Like in the work of Gurtin and MacCamy, our assumed maternity function depends on both the total population and the age of an individual, thus falling within the models of Cushing.
Unfortunately, Gurtin and MacCamy carried out their analysis on a reduced system of ordinary di erential equations on the total population. In the context of biochemical reactions, Frauenthal and Swick also use this reduction to investigate time-periodic solutions 6]. This reduction is possible given the assumptions on their model. However, for more general models of the maternity function and mortality rate, this approach breaks down. In contrast, our analysis considers the McKendrick equations directly rather than a reduced ordinary di erential equation for the total population. Moreover, our analysis has the ability to predict the dynamical behavior of the population density as well as the total population, rather than the total population alone as arises from the reduced model.
Through the use of singular perturbation methods and bifurcation theory, this paper addresses the nonlinear stability of the nontrivial equilibrium solution. We nd that as the equilibrium age distribution changes stability, under certain conditions, discussed below, a branch of time-dependent solutions emanates from the bifurcation point, with the lowest order behavior of the system governed by a Landau-Stuart type equation, which exhibits a change of stability through a pitchfork bifurcation. The outline of this paper is as follows: We rst describe the model and state the known results for the linear stability of the equilibrium solutions. This stability analysis leads to a nonlinear equation as in 7] for the eigenvalues. We establish existence of imaginary eigenvalues to this equation which leads to our bifurcation analysis. The bifurcation analyses are then carried out through a multiple scales expansion|we seeking solutions to higher orders in the vicinity of bifurcated solutions. These analyses then naturally lead to an amplitude equation of the Landau-Stuart type.
The McKendrick Equations.
The McKendrick equations describe the evolution of the population density, that is, the number of individuals of age a at time t, denoted as (a; t). These equations arise from a conservation law on (a; t), subject to birth and death processes. Nonlinearities in these equations stem from the assumed form of the maternity and mortality rates. If the fertility and mortality rates depend on both the age of an individual, as well as the total population, these equations can be written as 7, 5] 
Equilibrium Age Distributions
The equilibrium age distributions of Eq. (1), as well as their linear stability, have been studied in detail by Gurtin and MacCamy 7] . In what follows we recount their e orts, which will be used as a basis for our multiple scales analysis.
Equilibrium Distributions
Equilibrium, or time-independent age distributions of the McKendrick equations can be represented in the form (a; t) = 0 (a), with: 
known as the net reproductive rate, which provides a condition for the existence of equilibrium.
In the remainder of this work, and will be expanded in P, and numerical subscripts on these quantities represent the order of the terms in question, that is:
Linear Stability
To determine the linearized stability of the equilibrium age distribution given in Eq. (4), we set:
(a; t) = 0 (a) + " 1 (a; t); " 1; 1 = O(1);
so that: P(t) = P 0 + "P 1 (t);
Thus, to each order in ", Eq.
(1) becomes:
The accompanying boundary data can be written:
O(" 0 ):
The lowest order term is simply the equilibrium system, which is satis ed by our choice of expansion, and therefore vanishes. The stability of this state is subsequently determined from the rst order variational equation. De ning:
we may write the variational equation as: This system has the general solution:
where (a), known as the probability of survival, is de ned as:
Substitution of this solution for (a) to the boundary data provides a characteristic equation on , the growth rate:
with:
f(a; ) = We note that P 1 (t) = P e t , where P is:
In Gurtin and MacCamy 7], the investigation of Eq. (7) When the real part of vanishes, the system is neutrally stable; the exponential growth rate for disturbances from the equilibrium age distribution is zero. Substitution of = i! into Eq. (7) yields: 3 Age-independent Mortality Model Following Gurtin and MacCamy 8], we assume that the mortality rate is independent of age, and for xed population the maternity function increases linearly as the age of an individual increases from birth, and decreases exponentially as the age becomes large. Thus the mortality rate and maternity function are written as: (a; P) =^ (P ); (a; P) =^ (P ) ae ? a ; with a positive constant. With these constitutive assumptions, the equilibrium age distribution reduces to: 0 (a) = B 0 e ?^ 0a ; P 0 = B 0 0 :
Therefore the equilibrium population is de ned by the relation:
Substitution of the equilibrium age distribution 0 (a) into the de nition for reduces to =^ 1B0 (^ 0+ ) 2 . Moreover, the characteristic equation (7) As expected, the lowest order system reproduces the equilibrium age distribution: In a typical multiple scales analysis, at this point we would make use of the Fredholm alternative to remove terms from the inhomogeneity which lead to secular solutions, i.e. solutions which grow in time 9]. Such a step involves an inner product with solutions to the adjoint problem. Unfortunately, the adjoint operator exists only in a formal sense. 
Details of this calculation, as well as expressions for ? and can be found in Appendix A. The quantities ? and are constant, depending on the constitutive assumptions for the mortality rate and maternity function. We nd that ? = P 0 , the equilibrium population. However, is possibly complex and takes no such simple form. The qualitative dynamical behavior of this Landau-Stuart equation depends on the nature of . We transform Eq. (9) In this case as 2 passes through zero a Hopf bifurcation occurs in Eq. (9), giving rise to the timeperiodic solution described above, as described in Figure 2b . This bifurcation, which occurs in the Landau-Stuart equation, gives rise to a more complicated response in the McKendrick equations.
The amplitude of the time-dependent solution for the population density, which is c 1 + c 1 , becomes slowly modulated in time, with modulation frequency:
Thus the modulation frequency increases as the system moves farther from neutral stability, leading to more complicated dynamics, including quasi-periodic behavior. 
Conclusions
A weakly nonlinear analysis based on the method of multiple scales has been performed on the McKendrick equations, which describe the age distribution within a population subject to an integral boundary condition. This analysis provides the asymptotic structure for the time-dependent evolution of the population density, and this structure gives rise to bifurcation phenomena. Namely, a complex Landau-Stuart equation describes the amplitude of time-dependent solutions arising from a Hopf bifurcation on the equilibrium age distribution. As such, we consider this work an addition to previous studies by Cushing 5, 4] , which consider the stability of equilibrium age distributions and establish the existence of the Hopf bifurcation which leads to these nonconstant, time-dependent solutions. In 4], one-parameter Hopf bifurcation results were obtained for a more general version of the McKendrick equations, although no attempt was made to describe the amplitude of the resulting time-dependent solutions, as is done here. The time-dependent response of the McKendrick equations resulting from the Hopf bifurcation described by Cushing can be either periodic or quasi-periodic depending on the coe cient of the cubic nonlinearity in the Landau-Stuart equation, de ned as . If is real, the Landau-Stuart equation possesses a pitchfork bifurcation in the presence of rotational symmetry, giving rise to a ring of equilibria. The population density therefore undergoes a time-periodic response. However, if is complex, the Landau-Stuart equation undergoes a Hopf bifurcation (in addition to the Hopf bifurcation identi ed by Cushing), and the amplitude of the response is slowly modulated in time.
If the modulation frequency is incommensurate with the frequency obtained from the characteristic equation, the response of the population density is quasi-periodic.
The analysis of Gurtin and MacCamy 8] , in which the McKendrick equations are reduced to a system of three coupled ordinary di erential equations for the total population, can be extended to include a similar nonlinear bifurcation analysis. However, as mentioned in the introduction, this would provide no information concerning the variation of the population density. In addition, this multiple scales analysis can include more general nonlinear models which do not allow a reduction of the integro-partial di erential equations to ordinary di erential equations, at the cost of additional algebraic complexity. Further, the analysis developed in this work might be applicable to other systems which arise from conservation laws in a single spatial dimension, such as problems in distributed control or biochemical reactions. To our knowledge, this is the rst multiple scales analysis performed on the McKendrick equations|an integro-partial di erential equation with integral boundary conditions. A Landau-Stuart Constants|? and
We note that the O(" 3 ) equation depends on both O(" 1 ) and O(" 2 ) solutions. However, the inhomogeneous solution to 2 This system of linear ordinary di erential equations must be solved in terms of the expansions on (P ) and^ (P 
